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Abstract. We present a new, practical algorithm to test whether a knot comple- 
ment contains a closed essential surface. This property has important theoretical 
and algorithmic consequences; however, systematically testing it has until now been 
infeasibly slow, and current techniques only apply to specific families of knots. As 
a testament to its practicality, we run the algorithm over a comprehensive body of 
2979 knots, including the two 20-crossing dodecahedral knots, yielding results that 
were not previously known. 

The algorithm derives from the original Jaco-Oertel framework, involves both enu- 
meration and optimisation procedures, and combines several techniques from normal 
surface theory. This represents substantial progress in the practical implementation 
of normal surface theory, in that we can systematically solve a theoretically dou- 
ble exponential-time problem for significant inputs. Our methods are relevant for 
other difficult computational problems in 3-manifold theory, ranging from testing for 
Haken-ness to the recognition problem for knots, links and 3-manifolds. 



1. Introduction 

In the study of 3-manifolds, essential surfaces have been of central importance since 
Haken's seminal work in the 1960s. An essential surface may be regarded as 'topo- 
logically minimal', and there has since been extensive research into 3-manifolds, called 
Haken 3-manifolds, that contain an essential surface. The existence of such a sur- 
face has profound consequences for both the topology and geometry of a 3-manifold 
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Given any closed 3-manifold, specified by a triangulation, it is a theorem of Jaco and 
Oertel [T5] from 1984 that one may algorithmically test for the existence of a closed 
essential surface. However, their algorithm has significant intricacies and is of double- 
exponential complexity in terms of the input size, putting it well beyond the scope of 
a practical implementation. 

In this paper we present for the first time a practical algorithm that can systemati- 
cally test a significant class of 3-manifolds for the existence of a closed essential surface, 
and which is both efficient in practice and always conclusive. To illustrate its power, 
we run this algorithm over a comprehensive body of input data, yielding computer 
proofs of new mathematical results. 

The 3-manifolds we examine in this paper are the motivating spaces for 3-manifold 
theory: knot complements. These are the spaces that arise by removing a knotted curve 
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from 3-dimensional space, although our methods can be extended to apply to a far 
wider class of 3-manifolds. See the full version of this paper for generalisations. In this 
paper we work with two collections of input data. First, for each of the 2977 non-trivial 
prime knots that can be drawn with a diagram of at most 12 crossings, we determine 
whether its complement contains a closed essential surface. If there is no such surface, 
the knot is called small, otherwise we call it large. Second, we apply our algorithm to 
resolve, in the affirmative, a question of Michel Boileau [I] who enquired whether two 
special 20-crossing knots called dodecahedral knots contain a closed essential surface in 
their complements. This question was recently also independently resolved by Jessica 
Banks j3] using non-computational techniques. 

The algorithm presented here is theoretically significant because it is the first algo- 
rithm in the literature for testing largeness of arbitrary knots. However, more impor- 
tant is its practical significance: this is the first conclusive algorithm of this type that 
is implemented and fast enough for real-world use. The prior state-of-the-art algorithm 
for detecting essential surfaces was used to prove that the Weber-Seifert dodecahedral 
space is Haken [TO]; however, although it resolved a long-standing open problem, this 
prior algorithm relies on heuristic methods that only work for certain triangulations, 
and are only conclusive if no essential surface exists. In contrast, the algorithm de- 
scribed here can work with arbitrary triangulations of knot complements, and is found 
to be effective regardless of the final result. 

Our methods can be applied to related invariants of knots and 3-manifolds. For 
instance, the smallest genus g of a closed essential surface is an important knot invariant 
about which little is known for the case g > 2, and our algorithm opens the door to 
formulating and testing new hypotheses. These methods may also be extended to test 
a wide variety of 3-manifolds for Haken-ness and related properties. More broadly, 
iterated exponential complexity algorithms arise frequently in 3-manifold theory, and 
our methods give an outline for how such problems, like the recognition problem for 
knots and 3-manifolds, may one day be within the realm of a practical implementation. 

We base our work on the framework of the Jaco-Oertel algorithm for testing for 
closed incompressible surfaces. This uses normal surfaces, which allow us to translate 
topological questions about surfaces into the setting of integer and linear programming. 
The framework consists of two stages: the first constructs a finite list of candidate 
essential surfaces, and the second tests each surface in the list to see if it is essential. A 
key difficulty with this framework, which our algorithm also inherits, is that both stages 
have running times that are worst-case exponential in their respective input sizes, and 
combining them in any obvious way leads to a double-exponential complexity solution. 

Despite this significant hurdle, we introduce several innovations that cut down the 
running time enormously for both stages. Our optimisation for the first stage involves 
a combination of established techniques that, though well understood individually, 
require new ideas and theory in order to work harmoniously together. For the second 
stage we combine branch-and-bound techniques from integer programming with the 
Jaco-Rubinstein procedure for crushing surfaces within triangulations. In more detail: 
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• For the first stage (enumerating candidate essential surfaces), we combine sev- 
eral techniques. First, we wish to create a triangulation for each knot comple- 
ment that contains as few tetrahedra as possible. If one uses classical triangu- 
lations one needs as many as 50 tetrahedra for some knots in the 12-crossing 
tables, a size for which enumerating candidate surfaces is thoroughly infeasi- 
ble even for modern high-performance machines. We therefore use ideal tri- 
angulations for knot complements, which are decompositions of these spaces 
into tetrahedra with their vertices removed. These introduce some significant 
theoretical difficulties, but they are much smaller with roughly half as many 
tetrahedra. 

Second, we use a variant of normal surface theory based on quadrilateral 
coordinates. The appeal is that this brings the dimension of the underlying 
integer and linear programming problems down from It in the classical setting to 
3t, where t is the number tetrahedra in the input 3-manifold. These coordinates 
were known to Thurston and Jaco in the 1980s, and first appeared in print in 
work of Tollefson [28] . 

A theoretical difficulty arises when combining ideal triangulations with quadri- 
lateral coordinates: this introduces objects called spun-normal surfaces, which 
are properly embedded non-compact surfaces (essentially built from infinitely 
many pieces). We counter this by introducing extra linear constraints called 
boundary equations which, with the development of appropriate theory, restrict 
the solution space in question to closed surfaces only. In particular, using an 
extension of the work of Jaco and Oertel [15] from compact manifolds to non- 
compact manifolds by Kang [21], we show in Theorem [2] that for each manifold 
under consideration, there is a finite, constructible set of normal surfaces with 
the property that if the manifold in question contains a closed essential surface, 
then one must exist in this set. 

• For the second stage (testing whether a candidate surface is essential), the Jaco- 
Oertel approach cuts along each candidate surface and inspects the boundary 
of the resulting 3-manifold to see if it admits a compression disc (such a disc 
certifies that a surface is non-essential). The key difficulty is that one requires 
a new triangulation for the cut-open 3-manifold: since the candidate surface 
may be very complicated, any natural scheme for cutting and re-triangulating 
yields a new triangulation with exponentially many tetrahedra in the worst case, 
taking us far beyond the realm in which normal surface theory has traditionally 
been feasible in practice. Since these new triangulations are the input for stage 
two, which is itself exponential time, we now see where the double exponential 
arises, and why the Jaco-Oertel framework has long been considered far from 
practical. 

We resolve this significant problem using a blend of techniques. First, we 
use strong simplification heuristics to reduce the number of tetrahedra. Next, 
we replace the traditional (and very expensive) enumeration-based search for 
compression discs with an optimisation process that maximises Euler charac- 
teristic. This uses the branch-and-bound techniques of [9], and allows us to 
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quickly focus on a single candidate compression disc. We employ the crushing 
techniques of Jaco and Rubinstein [16] to quickly test whether this is indeed a 
compression disc, and (crucially) to reduce the size of the triangulation if it is 
not. 

More generally, this issue of iterated-exponential complexity, coming from 
cutting and re-triangulating, arises with ubiquity when considering objects 
called normal hierarchies. These hierarchies are key when solving more dif- 
ficult problems such as the recognition problem for knots and 3-manifolds. Our 
approach to stage two is both fast in practice and theoretically correct, making 
it a substantial breakthrough that indicates that a practical implementation of 
these more difficult algorithms might indeed be possible. 



2. Preliminaries 

2.1. Knots, surfaces and triangulations. A 3-manifold is a mathematical object 
that locally looks like 3-dimensional Euclidean space. Because every topological 3- 
manifold admits precisely one piecewise-linear structure (up to PL-homeomorphism) 
[23], in practice this means that 3-manifolds may be studied via triangulations. A 
triangulation of a compact 3-manifold M is a description of M as the disjoint union of 
a finite collection of 3-simplices with their faces identified in pairs, as shown in Figure [T] 




Figure 1. A 3-manifold may be specified by a triangulation. 

A triangulation T for a 3-manifold M gives rise to vertices, edges, faces and tetrahedra 
in M. Edges whose interior lies in the interior of M are called interior edges, and 
edges that lie entirely on the boundary of M are called boundary edges. In practice, 
a tetrahedron in M might not be embedded; for instance, we even allow two faces of 
a tetrahedron to be identified in M. For a precise description of our set-up, please see 
\ A. 3 and for an example, see Appendix [Bj 



Such a triangulation can only specify a compact 3-manifold. If instead of identifying 
the faces of tetrahedra, we identify the faces of a finite collection of tetrahedra minus 
their vertices, this constitutes an ideal triangulation for the resulting non-compact 
quotient space. 

The 3-manifolds we study in this paper are knot complements. These are 3-manifolds 
obtained by removing a knot, which is knotted closed curve in M. 3 , from 3-dimensional 
Euclidean space. In practice it is convenient to compactify R 3 with a point at infinity, 
yielding a compact 3-manifold called the 3-sphere, denoted S 3 . One then removes the 
knot from S 3 instead. For a knot K we call the resulting non-compact 3-manifold 
S 3 \K the complement of K. Knot complements always have ideal triangulations [27J 
Proposition 1.2]. 
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If instead we remove from S 3 a small open neighborhood of a knot K we obtain a 
compact 3-manifold called the exterior of K. Since they are compact, knot exteriors 
may be specified by triangulations. There are well established techniques for translating 
between an ideal triangulation for a knot complement and a triangulation for the 
corresponding knot exterior. 

A knot K is called non-trivial if it is not the boundary of an embedded disc in S 3 . 

In this paper we are interested in closed essential surfaces in knot complements. We 
define these now. Let K be a knot, and let M be the complement of K. A connected 
two-sided closed surface with positive genus S, embedded in M, is a closed essential 
surface in M if the following properties hold: (i) the surface S is incompressible (as 
defined below); and (ii) the surface S is not boundary parallel, that is, not ambient 
isotopic to a small tube running around K. 

The definition of incompressible is as follows. A compression disc for an embedded 
surface S in a 3-manifold M is an embedded disc D C M for which (i) D D S equals 
the boundary of D (denoted dD); and (ii) dD is a non-trivial curve in S (meaning dD 
does not bound a disc in S). If the surface S admits a compression disc, then we say 
S is compressible, otherwise S is incompressible. An equivalent, algebraic criterion can 
be found in §A.2 

2.2. Quadrilateral coordinates and Q— matching equations. We use normal sur- 
face theory to search for essential surfaces. A normal surface in a (possibly ideal) 
triangulation T is a properly embedded surface which intersects each tetrahedron of 
T in a disjoint collection of triangles and quadrilaterals, as shown in Figure [2] These 
triangles and quadrilaterals are called normal discs. In an ideal triangulation of a non- 
compact 3-manifold, a normal surface may contain infinitely many triangles; such a 
surface is called spun-normal. 



Figure 2. The seven types of normal disc in a tetrahedron. 

We now describe an algebraic approach to normal surfaces. The key observation is 
that each normal surface contains finitely many quadrilateral discs, and is uniquely 
determined (up to normal isotopy) by these quadrilateral discs. Here a normal isotopy 
of M is an isotopy that keeps all simplices of all dimensions fixed. Let □ denote the set 
of all normal isotopy classes, or types, of normal quadrilateral discs, so that |D| = 3t 
where t is the number of tetrahedra in T. We identify MP with IR 3 *. Given a normal 
surface S, let x(S) G MP = M 3t denote the integer vector for which each coordinate 
x(S)(q) counts the number of quadrilateral discs in S of type q G □. This normal 
Q-coordinate x(S) satisfies the following two algebraic conditions. 

First, x(S) is admissible. A vector x G M D is admissible if x > 0, and for each 
tetrahedron x is non-zero on at most one of its three quadrilateral types. This reflects 
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the fact that an embedded surface cannot contain two different types of quadrilateral 
in the same tetrahedron. 

Second, x(S) satisfies a linear equation for each interior edge in M, termed a Q- 
matching equation. Intuitively, these equations arise from the fact that as one circum- 
navigates the earth, one crosses the equator from north to south as often as one crosses 
it from south to north. We now give the precise form of these equations. To simplify 
the discussion, we assume that M is oriented and all tetrahedra are given the induced 
orientation; see [271 Section 2.9] for details. 



(a) The abstract (b) Positive slope (c) Negative slope 

neighbourhood B(e) 

Figure 3. Slopes of quadrilaterals 

Consider the collection C of all (ideal) tetrahedra meeting at an edge e in M (in- 
cluding k copies of tetrahedron a if e occurs k times as an edge in a). We form the 
abstract neighbourhood B(e) of e by pairwise identifying faces of tetrahedra in C such 
that there is a well defined quotient map from B(e) to the neighbourhood of e in M; 



see Figure 3(a) for an illustration. Then B(e) is a ball (possibly with finitely many 
points missing on its boundary). We think of the (ideal) endpoints of e as the poles of 
its boundary sphere, and the remaining points as positioned on the equator. 

Let a be a tetrahedron in C. The boundary square of a normal quadrilateral of type 
q in a meets the equator of dB(e) if and only it has a vertex on e. In this case, it has 
a slope of a well-defined sign on dB(e) which is independent of the orientation of e. 



Refer to Figures 3(b) and 3(c), which show quadrilaterals with positive and negative 
slopes respectively. 

Given a quadrilateral type q and an edge e, there is a total weight wt e (q) of q at e, 
which records the sum of all slopes of q at e (we sum because q might meet e more 
than once, if e appears as multiple edges of the same tetrahedron). If q has no corner 
on e, then we set wt e (g) = 0. Given edge e in M, the Q-matching equation of e is then 
defined by = ]T gen wt e (g) x(q). 

Theorem 1. For each x G 1R D with the properties that x has integral coordinates, x is 
admissible and x satisfies the Q-matching equations, there is a (possibly non-compact) 
normal surface S such that x = x(S). Moreover, S is unique up to normal isotopy and 
adding or removing vertex linking surfaces, i.e. normal surfaces consisting entirely of 
normal triangles. 

For a proof of Theorem [l] see Theorem 2.1 of [21J or Theorem 2.4 of [27] . 
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The set of all x G MP with the property that (i) x > and (ii) x satisfies the 
Q-matching equations is denoted Q{T). This naturally is a polyhedral cone. Note 
however that the set of all admissible x G MP typically meets Q{T) in a non-convex 
set. 



2.3. Crushing triangulations. The crushing process of Jaco and Rubinstein [T6] 
plays an important role in our algorithms, and we informally outline this process here. 
For the formal details we refer the reader to [16J. 

Let S be a two-sided normal surface in a triangulation T of a compact orientable 3- 
manifold M. To crush S in T, we (i) cut T open along S, which splits each tetrahedron 
into a number of (typically non-tetrahedral) pieces; (ii) crush each resulting copy of 
S on the boundary to a point, which converts these pieces into tetrahedra, footballs 
and/or pillows as shown in Figure 4(a) (iii) flatten each football or pillow to an edge 



or triangle respectively, as shown in Figure 4(b) 




(a) Pieces after crushing S to a point 




(b) Flattening footballs and pillows 



Figure 4. Steps in the Jaco- Rubinstein crushing process 



The result is a new collection of tetrahedra with a new set of face identifications. 
We emphasise that we only keep track of face identifications between tetrahedra: any 
"pinched" edges or vertices fall apart, and any lower-dimensional components with 
no tetrahedra at all simply disappear. The resulting structure might not represent 
a 3-manifold triangulation, and even if it does the flattening operations might have 
changed the underlying 3-manifold in ways that we did not intend. 

Although crushing can cause a myriad of problems in general, Jaco and Rubinstein 
show that in some cases the operation behaves extremely well [16]. In particular, if 
S is a normal sphere or disc, then after crushing we always obtain a triangulation of 
some 3-manifold M' (possibly disconnected, and possibly empty) that is obtained from 
the original M by zero or more of the following operations: 

• cutting manifolds open along spheres and filling the resulting boundary spheres 
with 3-balls; 

• cutting manifolds open along properly embedded discs; 

• capping boundary spheres of manifolds with 3-balls; 

• deleting entire connected components that are any of the 3-ball, the 3-sphere, 
projective space MP 3 , the lens space L(3, 1) or the product space S 2 x S 1 . 
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An important observation is that the number of tetrahedra that remain after crushing 
is precisely the number of tetrahedra that do not contain quadrilaterals of S. 

3. Closed normal surfaces in Q-space 

In this section we introduce the linear boundary equations, with which we restrict 
the normal surface solution space to closed surfaces only. 

Let our knot complement be M = S 3 \ K. The ideal triangulation T of M has 
one ideal vertex, and its link is a torus. We view this torus T as made up of normal 
triangles, one near each corner of each ideal tetrahedron. Let 7 G i?i(T;R). We now 
describe an associated linear functional 1/(7) : IR n — > M, which measures the behaviour 
along 7 of a normal surface near the ideal vertex. The idea is similar to the intuitive 
description of the Q-matching equations. As one goes along 7 and looks down into 
the manifold, normal quadrilaterals will (as Jeff Weeks puts it) come up from below 
or drop down out of sight. If the total number coming up minus the total number 
dropping down is non-zero, then the surface spirals towards the knot in the cross 
section 7 x [0, 00) C T x [0, 00) and the sign indicates the direction, see Figure ^b). 
If this number is zero, then after a suitable isotopy the surface meets the cross section 
in a (possibly empty or infinite) union of circles, see Figure |6](c). 

The torus T has an induced triangulation consisting of normal triangles. Represent 
7 by an oriented path on T, which is disjoint from the 0-skeleton and meets the 1- 
skeleton transversely. Each edge of a triangle in T is a normal arc. Give the edges of 
each triangle in T transverse orientations pointing into the triangle and labelled by the 
quadrilateral types sharing the normal arc with the triangle; see Figure [5] We then 
define 1/(7) as follows. Choosing any starting point on 7, we read off a formal linear 
combination of quadrilateral types q by taking +q each time the corresponding edge 
is crossed with the transverse orientation, and — q each time it is crossed against the 
transverse orientation (where each edge in T is counted twice — using the two adjacent 
triangles) . 




q' q q" 

Figure 5. Coming up and dropping down 

Evaluating 1/(7) at some x G MP gives a real number v x (j). For example, taking a 
small loop around a vertex in T and setting this equal to zero gives the Q-matching 
equation of the corresponding edge in M; see Figure |6](a). For each x G Q(T), the 
resulting map u x : Hx(T;M.) — > R is a well-defined homomorphism, which has the 
property that the surface in Theorem HI is closed if and only if v x = (see [27], 
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Proposition 3.3). Since v x : Hi(T;M) — > R is a homomorphism, it is trivial if and 
only if we have v x {a) = = v x {(3) for any basis {a, f3} of Hi(T; M). 




(a) = v x (i) = S i=1 (-l) l x(Qi) is (b) spun <^=> v x ^ (c) not spun -t=> v x =0 

the Q-matching equation 



Figure 6. Boundary map determines Q-matching equations and spinning 

We define Qo(T) = Q(T) H {x \ v x = 0}, and call a two-sided, connected normal 
surface F with x(F) on an extremal ray of Qo{T) a Q -vertex surface. The following 
result is based on the seminal work of Jaco and Oertel [15] : 

Theorem 2. Suppose M is the complement of a non-trivial knot in S 3 . If M contains 
a closed essential surface S, then there is a normal, closed essential surface F with the 
property that x(F) lies on an extremal ray of Qo{T). Moreover, if x{S) < 0, then there 
is such F with x{F) < 0- 

Sketch of proof. A complete proof of a more general statement is given in Appendix [Cj 
The key ideas are as follows. Given a closed essential surface in M, a standard argument 
shows that there is a normal closed essential surface in M. Amongst all normal surfaces 
isotopic (but not necessarily normally isotopic) to this, choose one that has minimal 
number of intersections with the 1-skeleton (this is the PL analogue of a minimal 
surface). Denote this surface S. 

If S is not a vertex surface, one can write it using a so-called Haken sum of vertex 
surfaces, which is a geometric realisation of the sum of Q-coordinate vectors. However, 
a complication arises, since only a multiple of S is a Haken sum of vertex surfaces, and 
only up to vertex linking tori; that is, nS + E = Yl n i^i = V + W, where V is a 
vertex surface, E is vertex linking, and all other terms are combined into the surface 
W. Building on Jaco and Oertel [TH], Kang [211 Theorem 5.4] shows that V and W 
are incompressible. Since Euler characteristic is additive under Haken sum, the result 
follows if x{S) < 0- ^ x{S) = 0, additional work is required to show that an essential 
torus cannot be written as a Haken sum of boundary parallel tori. □ 

4. Algorithms 

Here we describe the new algorithm to test whether a knot is large or small (i.e., 
whether its complement contains a closed essential surface). In this extended abstract 
we restrict our attention to the common setting of knots in the 3-sphere S 3 . See the full 
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version of this paper for an extension to the more general setting of links in arbitrary 
closed orientable 3-manifolds, as well as searching for essential surfaces in arbitrary 
closed orientable 3-manifolds (without knots or links). 

We present the algorithm in two stages below. Algorithm [3] describes a subroutine 
to test whether a given closed surface is incompressible. Algorithm [5] is the main 
algorithm: it uses the results of Section [3] to identify candidate essential surfaces, and 
runs Algorithm [3] over each. 

These algorithms contain a number of high-level and often intricate procedures, 
many of which are described in separate papers. For each algorithm, we discuss these 
procedures in further detail after presenting the overall algorithm structure. 

Algorithm 3 (Testing for incompressibility) . Let T be an ideal triangulation of a 
non-compact 3-manifold M that is the complement of a non-trivial knot in S 3 . Let S 
be a closed two-sided normal surface of genus g > 1 within T. To test whether S is 
incompressible in M: 

(1) Truncate the ideal vertex of T to obtain a compact manifold with boundary, 
cut T open along the surface S, and retriangulate. The result is a pair of 
triangulations 71, 1~2 representing two compact manifolds with boundary Mi, M 2 
(one on each side of S in M). 

Let Bi,B 2 be the genus g boundary components of Ti and % respectively 
that correspond to the surface S. Without loss of generality, suppose that the 
truncated ideal vertex was on the side of M 2 ; therefore T2 has an additional 
boundary torus, which we denote B v . 

(2) For each i = 1, 2: 

(a) Simplify % into a triangulation with no internal vertices and only one ver- 
tex on each boundary component, without increasing the number of tetra- 
hedra. Let the resulting number of tetrahedra in % be n. 

(b ) Search for a connected normal surface E in% that is not a vertex link, has 
positive Euler characteristic, and (for the case % = 2) does not meet the 
torus boundary B v . 

(c) If no such E exists, then there is no compressing disc for S in Mj. If i = 1 
then try i = 2 instead, and if i = 2 then terminate with the result that S 
is incompressible. 

(d) Otherwise, crush the surface E as explained in Section \2. 3j to obtain a 
new triangulation T( (possibly disconnected, or possibly empty) with strictly 
fewer than n tetrahedra. If some component of 77 has the same genus 
boundary (or boundaries) as % then it represents the same manifold Mi, 



and we return to step 2a using this component of 77 instead. Otherwise 



we terminate with the result that S is not incompressible. 

Regarding the individual steps of this algorithm: 

• Step [T] requires us to truncate an ideal vertex and cut a triangulation open 
along a normal surface. These are standard (though intricate) procedures. 
To truncate a vertex we subdivide tetrahedra and then remove the immediate 
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neighbourhood of the vertex. To cut along a normal surface, see [10] for a 
description of a manageable implementation. 



Step [2a] requires us to simplify a triangulation to use the fewest possible ver- 
tices, without increasing the number of tetrahedra. For this we begin with the 
rich polynomial-time simplification heuristics described in [5]. In practice, for 
all 2979 knots that we consider in Section [5j this is sufficient to reduce the 
triangulation to the desired number of vertices. 

If there are still extraneous vertices, we can remove these using the crushing 
techniques of Jaco and Rubinstein [161 Section 5.2]. This might fail, but only if 
dMi has a compressing disc, or two boundary components of Mj are separated 
by a sphere; both cases immediately certify that the surface S is compressible, 
and we can terminate immediately. 



• Step 2b requires us to locate a connected normal surface E in % that is not 
a vertex link, has positive Euler characteristic, and does not meet the torus 
boundary B v . For this we use the recent method of [9] Algorithm 11], which 
draws on combinatorial optimisation techniques: in essence we run a sequence 
of linear programs over a combinatorial search tree, and prune this tree using 
tailored branch-and-bound methods. See [9] for details. 

We note that this search is the bottleneck of Algorithm [3] the search is 
worst-case exponential time, though in practice it often runs much faster [§]. 
The exposition in [H] works in the setting where the underlying triangulation 
is a knot complement, but the methods work equally well in our setting here. 
To avoid the boundary component B v , we simply remove all normal discs that 
touch B v from our coordinate system. 

Theorem 4. Algorithm^ terminates, and its output is correct. 



Proof. The algorithm terminates because each time we loop back to step 2a we have 



fewer tetrahedra than before. Correctness is more interesting: there are many claims 



in the algorithm statement that require proof. Full proofs are given in Appendix D 
the key ideas follows. 

• In step [T] we claim that cutting along 5* yields two (disconnected) compact 
manifolds. This follows from the fact that every closed surface embedded in 
the 3-sphere is separating. 



In step 2c we claim that, if the surface E cannot be found in 7i and it cannot 
be found in 72, then the original surface S must be incompressible. This is 
because otherwise, by results of Jaco and Oertel [15], there must be a normal 
compressing disc on one side of S. 



In step 2d we make several claims. First, the new triangulation T[ has strictly 
fewer tetrahedra because E is not a vertex link. Second, we claim that if T( 
has a component with the same genus boundary (or boundaries) as T% then it 
represents the same manifold M iy and otherwise S is compressible; this is be- 
cause the "destructive" side-effects of the crushing process reduce the boundary 
genus by cutting along compressing discs for S. 
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There are additional complications involving irreducibility; again see Appendix [D] for 
details. □ 

Algorithm 5 (Testing whether a knot is large or small). Let K be a non-trivial knot 
in S 3 . To test whether K is large or small: 

(1) Build an ideal triangulation T of the complement of K in S 3 . 

(2) Enumerate all extremal rays of Qq{T); denote these &\, ...,&}.. For each ex- 
treme ray e*, let Si be the unique connected two-sided normal surface for which 
x(Si) lies on e^. Ignore all surfaces Si that are spheres. 

(3) For each remaining surface Si, use algorithm^ to test whether Si is incom- 
pressible in T ■ If any Si is incompressible and is not a torus, then terminate 
with the result that K is large. If no Si is incompressible, then terminate with 
the result that K is small. 

(4) Otherwise the only incompressible surfaces in our list are tori. For each in- 
compressible torus Si, test whether Si is boundary parallel by (i) cutting T open 
along Si, and then (ii) using the Jaco-Tollefson algorithm [TT1 Algorithm 9.7] to 
test whether one of the resulting components is the product space ( Torus) x [0, 1] . 
If all incompressible tori are found to be boundary parallel then K is small, and 
otherwise K is large. 

Regarding the individual steps: 

• Step |l] requires us to triangulate the complement of K. Hass et al. [H] show 
how to build a compact triangulation (with boundary triangles). To make this 
an ideal triangulation we cone over the boundary, and retriangulate to remove 
internal (non-ideal) vertices. 

• Step [2] requires us to enumerate all extremal rays of Qo(T). This is an expen- 
sive procedure (which is unavoidable, since there is a worst-case exponential 
number of extremal rays). For this we use the recent state-of-the-art tree tra- 
versal method [8 J , which is tailored to the constraints and pathologies of normal 
surface theory and is found to be highly effective for larger problems. The tree 
traversal method works in the larger cone Q(T), but it is a simple matter to 
insert the two additional linear equations corresponding to u x = 0. 

We also note that it is simple to identify the unique closed two-sided normal 
surface for which Q(S) lies on the extremal ray e. Specifically, Q(S) is either 
the smallest integer vector on e or, if that vector yields a one-sided surface, 
then its double. 

• If we do not reach a conclusive result in step|3j then step [4] requires us to run the 
Jaco-Tollefson algorithm to test whether any incompressible torus is boundary- 
parallel. This algorithm is expensive: it requires us to work in a larger normal 
coordinate system, solve difficult enumeration problems, and perform intricate 
geometric operations. 

However, it is rare that we should reach this situation, and indeed for all 
2979 knots that we consider in Section [5| this scenario never occurs. For some 
knots (e.g., satellite knots) it cannot be avoided, but there are additional fast 
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methods for avoiding the Jaco-Tollefson algorithm even in these settings, which 
we describe in the full version of this paper. 

Theorem 6. Algorithm^ terminates, and its output is correct. 

Proof. It is clear that the algorithm terminates (there is no looping) , and the correctness 
follows immediately from Theorems [2] and |4} For details see Appendix |Ej □ 

5. Computational results 

Here we describe the results of running the algorithms of Section [4] over significant 
collections of input knots. These computational results emphasise that the new large- 
ness testing algorithm is both feasible to implement, and fast enough to be practical 
for non-trivial inputs — both features that distinguish it from many of its peers in al- 
gorithmic low-dimensional topology. 

The algorithms were implemented in C++ using the software package Regina [HI E] • 
The code is available from http://www.maths.uq.edu.au/~bab/code/, and works 
with the forthcoming Regina version 4.94. Supporting data for the computations de- 
scribed here, including triangulations of the knot complements and the corresponding 
lists of admissible extreme rays of Qo{T), can be downloaded from this same location. 

All running times reported here are measured on a single 2.93 GHz Intel Core i7 
CPU. 

5.1. The census of knots up to 12 crossings. Our first data set is the census of 
all 2977 non-trivial prime knots that can be represented with < 12 crossings. Ideal 
triangulations of the knot complements were extracted from the SnapPy census tables 
[12] . and then further simplified where possible using Regina 's greedy heuristics [6] to 
yield a final set of input triangulations ranging from 2-26 tetrahedra in size. 

The algorithms ran successfully over all 2977 triangulations, yielding the following 
results: 

Theorem 7. Of the 2977 distinct non-trivial prime knots with up to 12 crossings, 1019 
are large and 1958 are small. 

A full list of all 1019 large knots can be found in Appendix[Fj Regarding performance: 

• The enumeration of extremal rays of Qo{T) was extremely fast, with a maxi- 
mum time of 47 seconds, and a median time of just 0.08 seconds. This is a clear 
illustration of the benefits we obtain from Theorem |2j which allows us to work 
in the restricted cone Qo(T) instead of the (typically much larger) cone Q{T). 

The number of extremal rays of Qo{T) ranged from (for the figure eight 
knot complement) up to 509 (for one of the 26-tetrahedron triangulations), with 
a median of 33. 

• Testing whether each candidate surface was essential was also extremely fast 
in most (but not all) cases. For each knot complement, we can sum the times 
required to process all candidate surfaces: the median time over all 2977 knots 
was ~ 3.6 seconds, and all but three of the knots had a processing time of under 
12 minutes. 
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The remaining three knots, however, were significantly slower to process. One 
required ~ 3.9 hours, one required ~ 12.2 hours, and one (the knot 12a 779) 
was still running after 6 days. However, in a striking illustration of how the 
algorithms depend strongly upon the underlying triangulations, when the code 
was run with a different random seed (which affected the simplification heuris- 
tics, and hence the triangulations obtained after slicing along surfaces), this 
worst-case knot 12ao779 was fully processed in under 4 minutes. 

5.2. The dodecahedral knots. We now turn our attention to the dodecahedral knots 
Df and D s as described by Aitchison and Rubinstein [Tj. These two knots exhibit re- 
markable properties [21 121], and each can be represented with 20 crossings |2]. Running 
our algorithms over them yields the following results: 

Theorem 8. The two dodecahedral knots Df and D s are both large. In particular, 
their complements contain closed essential surfaces of genus 3. 

We work with ideal triangulations of the knots Df and D s with 46 and 47 tetrahedra 
respectively, which were kindly provided by Craig Hodgson. These are significantly 
larger than the knots from the 12-crossing census; indeed, triangulations of this size 
are typically considered well outside the range of feasibility for normal normal surface 
theory. Happily our algorithms now prove otherwise: 

• This time the enumeration of extremal rays of Qo{T) was the bottleneck: for 
Df and D s this enumeration took roughly 2.8 and 2.4 days respectively. The 
number of admissible extremal rays was 72272 and 73609 respectively. 

• To test whether candidate surfaces were essential, the knot D s was completely 
processed in under 3 minutes; in contrast, Df required roughly 4.4 hours. Once 
again, we see that this part of the algorithm depends heavily upon the underly- 
ing triangulation: when running with a different random seed, Df was likewise 
processed in just a few minutes. 
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Appendix: Additional proofs, examples and data 

This paper is concerned with finding special surfaces in 3-manifolds. To keep the 
paper short, we mainly considered the case of finding a closed essential surface in a 
knot exterior in S 3 , and have introduced the bare minimum of the new theory and algo- 
rithms required for this application. The most natural generalisation of our results and 
algorithms is to the setting of compact 3-manifolds with boundary consisting of a finite 
union of tori. These manifolds are related to the Geometrisation Theorem of Thurston 
and Perelman, as they are key building blocks in the so-called JSJ decomposition of a 
closed, irreducible, orientable 3-manifold into geometric pieces. 

Appendix A. General definitions 

In this first appendix, we give more technical definitions of knot and link manifolds, 
essential surfaces, triangulations and normal surfaces. 

A.l. Knots and 3— manifolds. Suppose M is an orientable 3-manifold (possibly with 
boundary). There are two key properties that are often required of M in geometric 
topology. The first is that every embedded 2-sphere in M bounds a ball to at least one 
side; in this case M is irreducible. The second is that for each boundary component 
B of M, the inclusion homomorphism tti(B) — > -K\{M) is injective; in this case M is 
^-irreducible. (A geometric interpretation of this algebraic property is given in the 
next section.) For instance, the 3-sphere S 3 is irreducible, and if K is an embedding of 
S l in S 3 , called a knot, then the knot exterior M = S 3 \ N(K), where N(K) is a small 
open neighbourhood of K, is also irreducible, and it is <9-irreducible if and only if K is 
non-trivial. The knot complement S 3 \ K is homeomorphic to the interior of the knot 
exterior S 3 \ N(K), and it is sometimes useful to switch between the complement (a 
non-compact manifold) and the exterior (a manifold-with-boundary). 

A. 2. Surfaces in 3-manifolds. The following definition of an essential surface, along 
with an extensive discussion of their properties, can be found in Shalen [25], §1.5. 

Definition 9 (Essential surface). A properly embedded surface 5* in the compact, 
irreducible, orientable 3-manifold M is essential if it has the following properties: 

(1) S is bicollared; 

(2) the inclusion homomorphism ni(Si) — > ni(M) is injective for each component 
Si of S; 

(3) no component of S is a 2-sphere; 

(4) no component of S is boundary parallel; and 

(5) S is non-empty. 

Of interest to this paper is the following geometric interpretation of the second 
property, see Shalen [25] for more details. A compression disc for the surface S is 
a disc D C M such that D R S = dD and 3D is homotopically non-trivial in S 
(i.e. does not bound a disc on S). In particular, if S has a compression disc, then 
^i{Si) — > tti(M) is not injective for some component of S. It follows from classical 
work of Papakyriakopoulos that the converse is also true. Detecting compression discs 
is the topic of Section |4| 
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If the surface S has non-empty boundary and is properly embedded in a 3-manifold 
with boundary, there is an additional requirement that one has in order for S to be 
topologically significant; namely that it be d -incompressible. In the case of interest for 
this paper, where all boundary components of M are tori, it turns out that incompress- 
ible implies <9-incompressible. This is one reason why our algorithms most naturally 
generalise to the class of link complements. 

A. 3. Triangulations. The notation of [16] and [27] will be used in this paper. A 
triangulation, T, of a compact 3-manifold M consists of a union of pairwise disjoint 
3-simplices, A = {a 1 , . . . ,a t }, a set of face pairings, $, and a natural quotient map 
p: A — > A/$ = M. Since the quotient map is injective on the interior of each 3- 
simplex, we will refer to the image of a 3-simplex in M as a tetrahedron and to its 
faces, edges and vertices with respect to the pre-image. Similarly for images of 2-, 1- 
and O-simplices, which will be referred to as faces, edges and vertices in M respectively. 
If an edge is contained in dM, then it is termed a boundary edge; otherwise it is an 
interior edge. 

If M is the interior of a compact manifold with non-empty boundary, an ideal trian- 
gulation, T, of M consists of a union of pairwise disjoint 3-simplices, A, a set of face 
pairings, $, and a natural quotient map p: A -> A/$ = P, such that M = P\ P^ 
is the complement of the 0-skeleton. The quotient space P is usually called a pseudo- 
manifold. 

For brevity, we will refer to a 3-manifold M imbued with a (possibly ideal) trian- 
gulation T = (A, as a triangulated 3-manifold. Throughout, we will assume that 
M is oriented, that all tetrahedra in M are oriented coherently and the tetrahedra in 
A are given the induced orientation. 

A. 4. Normal surfaces. A normal corner is an interior point of a 1— simplex. A nor- 
mal arc is a properly embedded straight line segment on a 2-simplex with boundary 
consisting of normal corners. A normal disc is a properly embedded disc in a 3-simplex 
whose boundary consists of normal arcs no two of which are contained on the same face 
of the 3-simplex; moreover, the normal disc is the cone over its boundary with cone 
point the barycentre of its normal corners. It follows that the boundary of a normal 
disc consists of either three or four normal arcs, and it is accordingly called a normal 
triangle or a normal quadrilateral. Moreover, a normal disc is uniquely determined by 
its intersection with the 1-skeleton. 

A normal isotopy is an isotopy of M that leaves all simplices invariant. Up to normal 
isotopy, there are 7 types of normal discs in each tetrahedron. We denote □ the set of 
all isotopy classes of normal quadrilaterals in A, and identify this with the set of all 
isotopy classes of normal quadrilaterals in M via p. Following Haken, we will connect 
topology to linear programming via certain functions & K. 3 *. 

A normal surface S in a triangulated 3-manifold is a properly embedded surface 
which intersects each 3-simplex in a union of pairwise disjoint normal discs; such 
a surface is often termed a spun-normal surface if one of its connected components 
contains infinitely many normal discs. 
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A. 5. Standard coordinates. In classical normal surface theory one only considers 
normal surfaces where each tetrahedron contains at most finitely many disjoint normal 
disks. The number of parallel copies each type of normal disk specifies the normal 
surface, and in this way normal surfaces may be studied via 7t- dimensional vectors with 
positive integer coordinates, where t is the number of tetrahedra in the triangulation 
under consideration. These surfaces can be described by a set of linear equations arising 
from the fact that the normal discs in one tetrahedron have to match up with normal 
discs in each adjacent tetrahedron across their common face. If A denotes the set of 
all normal isotopy classes of normal triangles, then the natural coordinate projection 
M AuD — > MP takes the standard coordinate of a normal surface to its Q-coordinate. 




Figure 7. The intersection of a normal surface with a typical face of 
the 2- skeleton. 

Consider a face of the 2-skeleton of the triangulation of M. Any normal surface 
in M must intersect this triangle in normal arcs, that is arcs which start and end on 
different edges. There are three types of normal arc in any face of the 2-skeleton, as 
shown in Figure [7j Each of these represents an edge of a normal disc on each side. 
These normal discs must match up, as shown in Figure [8} Note that on each side of a 
triangle of the 2-skeleton, there are only two possible types of normal disc, one triangle 
and one quadrilateral, which can give rise to each type of normal arc. 




FIGURE 8. The normal discs must match up on the common face of two 
adjacent tetrahedra. 

Let ti, q\ be the normal triangle and quadrilateral types in one tetrahedron, sharing 
the same normal arc type with the normal triangle and quadrilateral types ti and q 2 
in an adjacent tetrahedron. We then obtain the linear equation 

h + qi = h + q 2 , 

with three such equations for each internal face of the triangulation. The space of all 
non-negative solutions to these equations in IR AuD is the usual normal surface cone. 
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(a) The figure 8 knot 
spans a Klein bottle 



(b) Thurston's ideal triangulation of the 
complement 



Figure 9. The figure eight knot 



Appendix B. Example: The figure-eight knot 

Let M denote the complement of the figure eight knot, which is shown in Figure |9](a). 
An oriented, ideal triangulation of M is encoded in Figure ^b). Since M is oriented, 
we may compute the Q-matching equations from the figure. To simplify notation, we 
use the dual labelling scheme of [27], and denote the quadrilateral types dual to the 
edges labelled and by p^ and respectively. The Q-matching equations 
for the two edges are equivalent, and one has: 

= p + p' - 2p" + q + q' - 2q". 

This implies that the cone Q{T) is five-dimensional. A direct calculation reveals 
that Q(T) has four admissible extremal rays; all have minimal representative a once- 
punctured Klein bottle; such a Klein bottle is shown in Figure [9^a). Their normal 
Q-coordinates and boundary slopes are listed in Table [TJ This calculation in particular 
shows that no spun-normal surface is a Seifert surface for the knot. 



solution 


u(p) 


i/(A) 


slope 


(2,0,0,0,0,1) 


1 


4 


-4 


(0,2,0,0,0,1) 


-1 


4 


4 


(0,0,1,2,0,0) 


-1 


-4 


-4 


(0,0,1,0,2,0) 


1 


-4 


4 



TABLE 1. Normal surface in the figure eight knot complement 



The induced triangulation of a vertex linking torus, T, is shown in Figure 10 The 



dual labelling allows us to read off the linear functional 1/(7) for the path 7 that is 
transverse to the 1-skeleton on T. If the path 7 on T exits a triangle across the edge 
opposite the vertex with label w^ k \ then in 2/(7), we record —p( k \ and if it enters a 
triangle across the edge opposite the vertex labelled w^ k \ then in 2/(7), we record +p( k \ 
Similarly for the labels z^ k \ 
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FIGURE 10. The induced triangulation of the vertex linking torus, where 
the sides of the rectangle are identified by translations parallel to its sides 
and triangle % is dual to vertex % in Figure |9j The shown elementary 
curves are the standard meridian // (solid) and longitude A (dashed). 

In this fashion (and using the Q-matching equation to simplify the expressions), we 
determine the linear functionals associated to the standard peripheral curves: 

v{\) = 2p + 2p' - Ap", 
z/(/i) = -p +p" - q + q". 

One can now verify that Qo(T) = {0}. Whence any closed embedded normal surface 
is a union of vertex linking tori. 



Appendix C. Proof of Theorem [2] 

In this appendix, we prove Theorem [2] in the more general setting of a 3-manifold 
with boundary consisting of a union of tori. The definition of the boundary map and of 
Qo(T) is generalised to the case of multiple boundary components as follows. For each 
vertex linking torus T^, we obtain a well-defined homomorphism Vk,x : H\(Tk] 1R) — > M, 
and we define u x = (Bk ^k,x, where the sum is taken over all ideal vertices. The surface 
in Theorem [I] is closed if and only if v x = (see [27], Proposition 3.3). We then define 
Qo{7~) = Q{T) fl {x | v x = 0}, and call a 2-sided, connected normal, surface F with 
Q(F) on an extremal ray of QoiT) a Qo-vertex surface. 

The weight of the normal surface F is the cardinality of its intersection with the 
1 -skeleton, wt(F) — \F fl M^\. If F is closed, then its weight is finite. 

Two normal surfaces are compatible if they do not meet a tetrahedron in quadri- 
lateral discs of different types. In this case, the sum of their normal coordinates is 
the coordinate of a normal surface. Suppose Fi and F 2 are normal surfaces that are 
compatible, not vertex linking surfaces, and in general position. Then x(Fi) + x(F 2 ) 
is an admissible solution to the Q-matching equations, and hence represented by a 
unique normal surface without vertex linking components; denote this surface F. The 
surface F is obtained geometrically as follows. At each component of F% fl F 2 , there is 
a natural choice of regular switch between normal discs, such that the result is again a 



normal surface. See Figure 11 for some possible configurations involving only two discs. 
Denote N(F 1 fl F 2 ) a small, open, tubular neighbourhood of Fi fl F 2 . The connected 
components of (F x U F 2 ) \ N(F\ fl F 2 ) are termed patches. 

Deleting any vertex linking tori that arise gives the surface F, and we write F + £ = 
Fi + F 2 , where E is (possibly empty or a possibly infinite) union of vertex linking tori. 
This is called the Haken sum of F\ and F 2 . Both weight and Euler characteristic are 
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Figure 11. Regular exchange of normal discs 



additive under this sum. So we have 



wt(Fi) + wt(F 2 ) = wt(F) + wt(E) 
X (F 1 ) + x(F 2 ) = x(F), 



since x(E) = 0. 

The sum F + E = Fx + F 2 is said to be in reduced form if there is no Haken sum 
F + £' = F[ + F%, where F/ is isotopic to F, in M, F[ PI F2 has fewer components than 
Fx n F 2 and E' is a union of vertex linking tori. It should be noted that in these two 
sums, the embedding of F in M is the same (these are not equalities up to isotopy), 
and that any sum can be changed to a sum in reduced form. 

Theorem [2| Suppose M is the interior of a compact, irreducible and d-irreducible 
manifold with boundary consisting of a union of tori, and let T be an ideal triangulation 
of M. If M contains a closed, essential surface S, then there is a normal, closed essential 
surface F with the property that x(F) lies on an extremal ray of Qq(T). Moreover, if 
x{S) < 0, then there is such F with x(F) < 0. 

Proof. Suppose M contains a closed, essential surface. It follows from a standard 
argument (see, for instance, [T3] and [16]) that there is a closed, essential, normal 
surface S in M. It remains to show that S may be chosen such that S is a Qo~ ver t ex 
surface. Replace S by a normal surface that has least weight amongst all normal 
surfaces isotopic (but not necessarily normally isotopic) to S. Denote this least weight 
surface S again. 

Suppose S is not a Qo^vertex surface. Then 



where n,«j 6 N and either or 2Vi is a Qo-vertex surface for each i. The two cases 
arise from the fact that we require a Q ~ ver t ex surface to be 2-sided and connected: If 
V corresponds to the first integer lattice point on an admissible extremal ray of QoO~) 
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and V is 1-sided, then the corresponding Qo~vertex surface is 2V, obtained by taking 
the boundary of a regular neighbourhood of V. 

We denote nS the normal surface obtained by taking n parallel copies of S. Clearly, 
x(nS) = nx(S), and since S has least weight normal surface in its isotopy class, so 
does nS because S is 2-sided. To sum up, nS is a closed, essential, normal surface 
which has least weight amongst all normal surfaces in its isotopy class. 

For any i, either V or 2V is a Qo~vertex surface. In the first case, we can write 

nS + £ = V + W, 

where V = V and x{W) = —x(Vi) + rijx(V)- Now nS is 2-sided and of least weight, 
so Kang [2T], Theorem 5.4 (which is an adaptation of the proof of [15], Theorem 2.2, 
to this context), shows that if one writes nS + E = V + W in reduced form, then V is 
incompressible. Now V is isotopic in M to V, and hence V is also incompressible. If 2V 
is a Q -vertex surface, then we apply the above argument to 2nS, writing 2nS + X = 

V + W, where x(V) = 2x{Vi) and x(W) = —x(V) + 2^njx(V)- m either case, we 
obtain an incompressible Qo-vertex surface V. Since Euler characteristic is additive 
and S is not a sphere, there is some V with x(Yi) < 0- If x{Vi) < 0^ then V is essential, 
and if xiYi) = 0, then V may be essential or boundary-parallel. Hence if x{S) < 0, the 
proof of the theorem is complete. 

Hence assume x(S) = O5 an d finish the proof with an argument from the proof of 
Proposition 6.3.21 from |22j. For the sake of a contradiction, suppose that some Vi is 
a boundary parallel torus that is not vertex linking. Write nS + S = V + W, where 

V is a boundary parallel torus that is not vertex linking, and suppose that the sum is 
in reduced form. As in [T5j, Lemma 2.1, it follows that each patch is incompressible 
and not a disc. Denote M 2 a component of M\ V that is homeomorphic to V x (0, 1). 
If W fl M 2 7^ 0, then it consists of a pairwise disjoint union of annuli. Choosing an 
innermost annulus A C W fl M 2 , there is an annulus A' <OV such that d A' = OA, and 
there is an isotopy from A to A' keeping the boundaries fixed. But this implies that 

V + W is not in reduced form, giving a contradiction. □ 

Remark 10. The statement of Theorem [2] considerably strengthens the statement of 
Theorem 5.5 in [21], and our proof fills a gap in its proof. 

Appendix D. Proof of Theorem [4] 

Here we give a full proof of correctness for Algorithm [3j Recall that this algorithm 
takes a closed two-sided normal surface S of genus g within an ideal triangulation T 
of a knot complement in S 3 , and tests whether this surface is incompressible. 

Theorem [4j Algorithm^ terminates, and its output is correct. 

Proof. As noted in the main body of the paper, termination is straightforward: each 



time we loop back to step 2a we have strictly fewer tetrahedra than before. We now 
devote ourselves to proving the many claims that are made throughout the statement 
of Algorithm |3j 

Before proceeding, however, we make a brief note regarding irreducibility. Since the 
underlying knot is embedded in S 3 , every sphere in the complement M must bound a 
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ball; that is, M is irreducible. As a result, the two manifolds M\ and M2 are likewise 
irreducible, with the following possible exception: it might be the case that M 2 has an 
embedded sphere that separates the genus g boundary B 2 on one side from the torus 
boundary B v on the other. However, in this case (by reattaching Mi) we find that S 
is contained in a 3-ball within the complement M; in particular, S has a compressing 
disc within Mi. 

We proceed now with proofs of the various claims made in Algorithm [3j 

• In step [7] we claim that cutting along S yields two compact manifolds. 

This is because S is a closed surface embedded in a knot complement, which 
itself is a submanifold of the 3-sphere. Since every closed surface in the 3-sphere 
is separating, the claim follows. 

• In step \2^ we claim that, if the surface E cannot be found in T\ and it cannot 
be found in %, then the original surface S must be incompressible. 

Suppose that S were compressible, with a compression disc in some Mj. If 
this Mj is irreducible, then by a result of Jaco and Oertel [151 Lemma 4.1] there 
is a normal compressing disc in %. Since the underlying knot is non-trivial, this 
compressing disc must meet the genus g boundary Bi (not the torus boundary 
B v ), and so it is a surface of the type we are searching for. If Mj is reducible then 
(from earlier) we have i = 2, there is a compressing disc within the irreducible 
manifold Mi, and by the argument above the surface E can be found within 
Ti. 



In step 2d we claim that the new triangulation 77 has strictly fewer tetrahedra 
than %. 

This is because E is connected but not a vertex link, and therefore contains 



at least one normal quadrilateral. As noted in Section 2.3, this means that at 



least one tetrahedron of % is deleted in the Jaco-Rubinstein crushing process. 



In step 2d we claim that if T( has a component with the same genus boundary 
(or boundaries) as % then this component represents the same manifold Mi, 
and if not then S is compressible. 

Since the surface E that we crush is connected with positive Euler character- 
istic and can be embedded within a knot complement (and hence the 3-sphere), 



it follows that E is either a sphere or a disc. From Section 2.3, this means that 
when we crush E in the triangulation 7j, the resulting manifold is obtained 
from Mj by zero or more of the following operations: 

— undoing connected sums; 

— cutting open along properly embedded discs; 

— filling boundary spheres with 3-balls; 

— deleting 3-ball, 3-sphere, 1LP 3 , L 3) i or S 2 x S 1 components. 

We first note that, since all of the manifolds we consider can be expressed 
as submanifolds of S 3 , we will never create or delete an 1LP 3 , L 3 i or S 2 x S 1 
component. 

Suppose that Mj is irreducible. Then undoing a connected sum simply has 
the effect of creating an extra 3-sphere component. If we ever cut along a 
properly embedded disc that is not a compressing disc, then likewise this just 
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creates an extra 3-ball component. If we cut along a compressing disc, then this 
yields one or two pieces with strictly smaller total boundary genus than before; 
moreover, since the underlying knot is non-trivial, the first such compression 
must take place along the genus g boundary B g (not B v ) and so S must be 
compressible. Together these observations establish the full claim above. 

If Mi is not irreducible, then as noted above i — 2, and Mi must contain 
a sphere that separates the boundary component B 2 from B v . Here there is 
an extra complication: either undoing a connected sum or cutting along a 
non-compressing disc might have the effect of splitting the manifold into two 
components, one with the single boundary B 2 and the other with the single 
boundary B v . In this case there will no longer be a component in T{ with the 
same genus boundaries as T2, however, as noted earlier S is compressible on the 
side of Mi, and so the claim above remains correct. □ 

Appendix E. Proof of Theorem [6] 

Our final proof is of the correctness of Algorithm |5j the full algorithm for testing 
whether a non-trivial knot K in S 3 is large. 

Theorem [6} Algorithm^ terminates, and its output is correct. 

Proof. As noted in the main body of the paper, it is clear that the algorithm terminates 
since there is no looping. All that remains is to prove that its output is correct. 

Throughout this proof we implicitly use Theorem [4] to verify that all calls to Al- 
gorithm [3] are themselves correct. We note that, since the knot K is non-trivial, the 
complement is irreducible and ^-irreducible and so the conditions of Theorem [2] ap- 
ply. We also note that all closed surfaces embedded in a knot complement in S 3 must 
be orientable, and so we implicitly treat all closed surfaces as orientable from here 
onwards. 

From Theorem [2j the knot K is large if and only if one of the closed normal sur- 
faces Si in our list (excluding spheres) is essential. We note that each genus > 2 
surface in the list is essential if and only if it is incompressible (since such a surface 
cannot be boundary parallel), and each torus in the list is essential if and only if it is 
(i) incompressible and (ii) not boundary parallel. 

Steps [3] and [4] of Algorithm [5] test precisely these conditions, and so the algorithm 
is correct. The only reason for the complex logic in these steps is so that we can 
use Algorithm [3] exclusively if possible, and only fall through to the more expensive 
Jaco-Tollefson algorithm when absolutely necessary. □ 

Appendix F. Tables of large knots 

We finish with the detailed results of running Algorithm [5] over all 2977 knots in the 
census of non-trivial prime knots with < 12 crossings. The following list presents all 
1019 knots in this census that are large. The knots are identified using their names in 
the Knotlnfo database |llj . 



COMPUTING CLOSED ESSENTIAL SURFACES IN KNOT COMPLEMENTS 



25 



(Si ^ 

W 1D 


11^26 


ll(29c;i 


ll?l91 
Z 1 


I zl(2nnnfi 
J - LJU, UUUD 


1 zI(2noQO 

_l ^jt^y y^y 


1 zI(7,o 1 Qt; 


1 ^(2n"3 /i s 


1 zlfln^no 
y y y 


(Si 7 


lla.97 


1 l(29c:9 


11?299 


I zl(2nnn7 


1 zI(2nooo 

_l ^jt^yyyy 


1 zI(2o 1 s<; 

V J 1 O O 


1 ^(2n-3 c;n 
U u 


y z 


^ zy 


11(128 


11(7,9^ 
- Lt *zoo 


11729-3 


I zI(2nnnQ 


1 zI(2noo 1 


I zl(7,m c7 


y 1 


1 2jCi,r\^ip. 

j_ ^JL^y OZD 




11(29Q 


ll(2o^/i 

^Zo4 


1177,24 


1 z! Cl,c\r\ 1 n 


1 Z, CI, 


1 Z, (7, 1 


1 Z, CI, O Q cr 


12(2n^97 


9q3 


11&30 


ll(29fi1 


11?29C; 
1 - 1 - ' "ZO 


1 Z, (7,rim 1 


1 Z, (7, 


1 Z, (7, 1 q 


1 Z(/,n9^c 


1 Zftnc c /I 

y 4 


9qs 


11(^38 


ll(29fi9 


ll?29fi 
1 - 1 - ' "ZD 


1 zI(7,no 1 -3 


1 zI(7,noo/i 
i ^ ju, uuy4 


I zI(7,oi on 


1 ^(2,0*3^1 

y d 1 


I zl(2,n^ 

j_ ijix-y OOD 


lOvq 




ll(29fi^ 


11?297 
Z ( 


I zI(7,no 1 /l 


1 zl(2m nn 


1 zl(2n 101 
iiju ' u 1 y 1 


1 AcjtH'^a^ 

xiJU, Ut)D 


1 ACI,r\^.p. l 7 

y d ( 




II&44 


ll(29fi/1 
- 1 - L *ZD4 


Uti^i 

' "0 1 


1 zI(2no 1 ^ 


1 zl(7,ni m 


1 zl(2n 109 


1 ACLPi'id.p. 
- 1 - ^^UoDD 


1 z!(2,O^Q7 


10si 


11(247 


1 1 Q.ORK 


1 1 77/39 

1 ' "JZ 


- L ^ jL *'UUzo 


1 /flni no 


1 /fl.ninr; 

1 y O 


Z, (7,OQ 77 


z(7,okcq 


10»9 


11(2 /IO 


llfto^K 
J_ J-WZ00 




1 Z, (7, 


1 Z,(7,oi oq 


1 Z, (7, 1 


1 z(7nQ Q 


1 Zflncon 
j_ ijL^y^^y 




HCI52 


ll(29fi7 
ZD ( 


lln^/i 

' "o4 


1 ^(Jooqo 


1 zl(2m nr^ 
- LiJU 'UlUi} 


1 zl(2n 100 
- L ^ ju, uiyy 


1 ^(2,0-300 


1 zlfln^on 
■ ij, -"y oyu 


10«4 


lla.53 


ll(29fiQ 
_i_ 1 L*i/y y 


- 1 -•- ' "00 


UUoo 


I z!(7ni n7 
U 1 U ( 


1 zl(2n9nn 


y y d 


1 z!(2n^OQ 


iU oO 


lla.54 


11(297^ 


ll?l36 


1 ^(JnoQK 


1 zl(2m no 


1 zl(2n9m 


1 zJ(2n-3 oq 


1 z!(2n^oo 

■ ij, -"y oy y 




IICI57 


11(297/1 
- Lt *Z / 4 


ll?!^? 


I zl(7,nn'30 


I zl(2ni no 


I zl(7,n9n7 


I zJ(2o"300 


I z!(2,Oi^OK 


10»7 


ll(2fifi 


ll(297t; 




1 zI(2no/( 


1 Z,(7,oi 1 1 


1 Zj(7,0 9 1 1 

- LiJU 'Uzll 


I £Ci,r\ a 07 


_i_ ^jix,y(-,y 


10«8 


11(267 


11(29S1 


ll?2/in 

* ' "4U 


1 zl(2nn/i 1 


1 zl(2ni 1 -3 


I z!(2n9i -3 


1 zl(2,n/i no 
ij, -"y4uy 


1 2jCI,r\p- 1 9 
y d 1 z 






1 1(29S/1 


11^41 


1 zI(2no/i -3 


I zl(7,ni 1 /i 


I zl(7,n9i 1 


1 zl(2,n/i 1 n 


1 2jCi,f\p- 1 -3 


10qn 




ll(29Sfi 


II7I42 


I 2>G,C\C\A A 


1 zl(2ni 1 

v/ 1 1 O 


I zl(7,n99/i 

- 1 - ^ Jl -"UZZ4 


1 zl(2,n/i 1 1 
iiJU 'U411 


1 zl(2,ni^i 7 

y d 1 ( 


lOqi 

iv yl 


11*270 


11(29S7 
- Lt *ZO ( 


11^43 


1 zl(2nn/i ^ 


1 zl(2ni 1 f; 


I Zj(7,0997 


1 zl(2,n/i 1 9 
J - iJU 'U4lZ 


1 2jCi,f\p-if\ 

j_ ^"-"yDZy 


10 Q 9 

^ w y z 


llewi 


11(29SC 

- 1 - - Lt *zoo 


11 7244 


1 Z,(7oo/iG 


1 zl(7,ni 1 T 


1 Z, (7, 


1 2jCI,C\ ATA 


1 ZjCI.OiPoo 




11(279 


1 1 (7(9 on 

- Lt *zyu 


ll?2/it; 

1 ' "4u 


1 Z, (7, 00 /iT 


1 Zi(l,m 1 


I ^(JnoQ 1 


1 £ci,r\ /iic 

j_ -^>-"y4iD 


1 -Z(2,Ofi9/l 

j_ -^>-"yDZ4 


10q4 


11 a.76 


11(29Q1 


11^46 


1 zI(2no/i q 


1 zl(7,ni 90 
y 1 z u 


I zl(7,n9'3 3 


1 zl(2,0/i 1 7 

y 4 1 ( 


1 zJ(2,Ofi97 


lOqs 


11(279 


11(29Q9 

zyz 


11/7,47 


1 zI(2no/i 
_l ^JL*y U4y 


1 zl(7,ni 99 
li 1 z z 


I zl(7,n9/i I 

_l ^jtj,y Z44 


1 AfJ,r\A 97 
y 4 z ( 


1 Aci,r\poo 


lOqfi 
^ w yo 


llago 


11(29QQ 

^ L * z y . 3 


ll72fif; 

1 - 1 - ' "Do 


1 zl(2nn 


1 zl(7,ni 9-3 
y 1 z 


I zl(7,n9/1 
_l ^ji^,y Z40 


1 zl(2,n/i 9Q 


1 z!(2,Oi^3n 


10q7 


1 1 floi 


1 1 (7,90/1 

- 1 - J- Lt z y 4 


1 1 nap. 
- 1 - - 1 - ' "DD 


1 Aflnnci 


1 /rt.ni ok 
- jL, 'U1Zo 


1 /fl.nocn 
- LLjUl UZDU 


1 /rtfl/IOfl 

_l ^ix,y4_^y 


1 A (7, CQ Q 


10qs 
iU ao 


1 If2i02 


11(290S 


Il72fi7 
' "D ( 


1 Z, (7, c 


1 Z,(7,oi 
- L,iJt *UlzD 


1 Z, (7, c c 


1 Zj CI, O /I n 

y 4 j y 


1 Zjfl,r\po A 
j_ ^jix,y(-j J4 


10qq 


11(2 1 


11(29QQ 

-•- * ^zy y 


ll72fi« 
1 - 1 - ' "Do 


I zI(7,noc;3 


I z!(2ni 97 


I zI(7,n9(^Q 

_l ^JL*y ZDo 


1 Aci,r\A to 

U 4 O Z 


1 Zl (2,0^13 7 

^^y 00 ( 


lOinq 
iu iu y 


11(2 1 9/1 
j_ J- 1 Z 4 


11(2 -^nn 


ll72fiQ 
* - 1 - 1 "Dy 


1 zI(7,no i^/i 


1 zl(7,ni 90 


1 zI(7,n9f;o 


1 z!(2n/i "3/1 

y 4 4 


1 .Z(2nfI3Q 


10m 


1 1(2 1 9fi 
j_ J- 1 Z 


1 l(2-3m 


11t27i 
1 1 


I zI(7,noc;^ 


1 zl(2ni q 1 

U 111 


I Zj(2n9"7i 


1 2,CI,r\A q ^ 
■ ij, -"y4 


1 ^(20i^3 




ll(2l 97 


11(2-3(1/1 


11?279 


1 zI(2no p;7 


1 zl(2ni "39 


I Zj (7,097-3 


1 zl(2,n/i 30 


1 Aci,r\p,A n 
j_ ^Ji-"yD4y 


10l17 


ll(2l 9Q 

1 zy 


ll(2-3nc; 


1177,73 


1 Z, (7, c 


1 Z, (7, 1 


1 zl(7,n97fi 


1 £CI,(~\ a /in 

j_ ^jL*,y44y 


1 ZjCI,r\P. A 


10l99 


ll(2i o.n 


11(2-31 /i 


II7I74 


I zI(2noc;o 
_l ^j^u yDy 


I z!(2ni Q/i 
U 1 4 


1 zI(7,n9Q9 


1 .Z(2n/i /i 1 
- L1JU 'U441 


1 z!(2,Oi^/l 7 


10l9q 


ll(2i ^1 


11(2-31 e; 


ll?27c; 


1 zl(2nnf;n 


1 zl(2ni q ^ 


I zl(7,n9e3 


1 zl(2,n/i /i fi 
iJl -"y44D 


1 Ad,r\p,^,A 
_i_ ^>-</yo04 




ll(2i 9.9 


11(2-31 R 


H7176 


I zI(2nof;i 
- 1 - ^^"UUDl 


I zl(2ni 


1 zI(7,n9Qfi 

_l ^Jt-i/y ZoD 


I ^(2,0/l c;9 

y 4 z 


1 ACLr\p ^ ^ 

y 


10l4Q 


ll(2i 


11(2-39-3 
j_ J- Lt oZo 


11?277 


1 zI(2nof; 3 


I zl(7,ni 97 


1 zI(7,n9Q Q 


I .Z(2n/i ^ 

j. ^>-"y400 


1 2jCi,r\p.^.i 
y ( 


10i™ 

w lOU 


ll(2i /ii 
141 


11(2-397 


11t2tc 


1 Z, (7, a A 


1 Z, (7, 1 


1 Zj(7,noon 
_l ^L*y zyu 


1 £CI,r\ a 
y 4 D 






ll(2l /17 


11(2 -39S 


ll?2en 
-* ' "oU 


1 Z, (7, a r: 


1 Z, (7, 1 n 


1 Z, (7, 1 

i ^ ju, uzyi 


1 (7, a a n 
j-^ut/y4(-jy 


1 (7, p. c; 


lOiw 

-*- ^ i o z 


1 l(2l49 


1 l(7,ooo 


ll?2si 
1 


^^DvJD D 


1 zl(2ni /i n 


1 Zj(7,0 311 
liJUl U 1 1 


1 ACItfiA K9 

y 4 z 


1 2jCI,r\p.p.i 

y y y 




1 1 (7,i e;n 


11(2 -3 /Ifi 


11?297 


1 ZiO,r\r\a'7 


1 zl(2ni 


I Zj (7,0-3 1 9 


1 ZjCLpiAKz, 
j. -^>-"y4D0 


1 Ad,r\pp.Q 


1(W 


ll(2l c:i 
Lt 1 1 


11(2-3/17 
o4 ( 


11?298 


1 ^(Jno^s 


1 zl(2ni p;/1 

104 


1 zl(7,n 31-3 


1 ^(2o/i RP. 
y 4 D D 


1 z!(2,Oi^79 
y y ^/ 


lla 2 


1 1 (7,1 


1 1 (7,qcr n 


1 1 77,oo 

_i_ _l / t-y y 


1 /rtnncn 


1 /d.ni 
-^HllOO 


1 /fl.nQi t; 
U 1 


1 A (?, O /I C O 


1 Z.CI.CSP.TVi 




ll(2i 


11(2-3^-3 


ll/2i f;i 
' "loi 


1 ^(Jooto 

_l ^jt^yy ^-y 


1 Z, (7, 1 


1 zI(7,o 11a 


1 2jQ,c\ a 7t; 


1 ACi,r\p"7P 
J - AJl *UD (D 


llai4 


ll(2l c:7 


11(2 -3 c; /I 


ll/2i ^9 

' "lOZ 


I zl(7,nn7i 


I zl(7,ni c;7 


I Zj(7,0 39Q 
_l ^J^-i/y JZo 


1 zl(2,0/i 70 


1 zl(2,ni^sn 


1 1 (7, 1 R 
- LJ - u 'l0 


1 1^164 


1177,4 


1 1 77,1 KR 
-l ' ^loD 


Z,(7,0 0"79 


z!(7,ni tio 


z!(7,n 3 q 1 


z(7,o /loo 


Aci,r\PQK 


llai 7 


llai67 


lln 5 


llrii 60 


12aoo73 


12(2oi63 


12a 333 


12ao484 


12ao688 


llais 


11(2172 


lln 6 


lln 166 


12aoo74 


12(20164 


12a 334 


12ao489 


12ao692 


llai 9 


lla 173 


lln 7 


11^182 


12a o75 


12a i66 


12ao336 


12(2 490 


12(20693 


11^20 


11^231 


lln 8 


12aoooi 


12a o76 


12aoi67 


12a 337 


12(20491 


12(20694 


11(2 22 


11^232 


lln 9 


12aooo2 


12at)079 


12(2 177 


12a 34i 


12(20493 


12(20697 


lla 2 4 


Ha244 


llnio 


12anno4 


12aoo80 


12(20182 


12ao343 


12(20494 


12(20698 


lla 25 


Ht2250 


linn 


12aooo5 


12aoo88 


12(2 1S4 


12ao344 


12(20495 


12(20699 



26 



BENJAMIN A. BURTON, ALEXANDER COWARD, AND STEPHAN TILLMANN 



1 2fln7ni 
/y i 


1 Z,Ci,r\Q.p,*7 


1 A/7,no^o 
^^W'uyoy 


I 2(1 A C\1P. 


12ai oi i 


12?7 J nni s 


1 Zj77,nnQn 
"yy^y 


1277ni A 1 


1277OO0/1 
u y^^4 


1 Z,/7o J 709 


1 /flnoco 


1 //7,nncn 

^ u y D U 


Ad a ri7o 


1 2o,i Ol o 


1 A77.nm n 

"uuiy 


1 /'/l.nnnn 


1 A77.ni kc 


1 2t7,oook 


J-^J\AI\J /yj 


1 z!/7os7i 


1 2(l,C\CkF, 1 


I 2Ga n?o 


12(2i 01 % 


1 z!?7.nnon 


1 Zj77,nnoi 
cyyy x 


1277ni K7 


12?7oOOfi 




1 Z, (7 o o 7 o 


1 Z,(l,r\c\cz A 


1 a/7;1 non 


1 A(Ia m 


12?lnnoi 
(/ yy/x 


1 Z,77,nnno 


1277ni kq 

(/y XOo 


1 Zl 77,000 "7 

"yzz f 


1 2i{l,f\ e 7f\fi 

J- J->KAJ\J /yy 


1 2,(1, nQTi 


1 A(7,nofi ^ 
■" Lt, uy do 


1 2(1 a nsi 


1 a^ (7, i o i c; 


12?lnnoo 


1 Afl,r\r\c\r> 
-Ls-ii "yyy j 


12?7ni 7Q 


1 z! 77,000 q 


1 Zj/7o707 


1 2(l,i\Q l 7 A 


* jL *'uyDD 


I 2(1 a r\Qi 


I 2(1 A Ol 7 


12?lnno^ 


1 Zj77,nnQ/i 
cyyy4 


1277ni 7/1 


12t7oooq 
"uzzy 


1 z!(7070S 


I 2(1,C\Q'7K 


1 Af7,no7n 
iLJUl l)y i U 


I 2(1 A flB7 


1 2(1 A 1 Q 


1 Afljiino a 


1 z!77,nnoK 
"uuyo 


1277ni 7K 


1277oo^n 


1 z!f7o7oo 


1 Zftncfl /l 
- l " u 'Uoo4 


1 2(1,C\<A'7'] 


1 2(1 A HQS 


1 2(1 A 1 O 

- Lij< " t 'iziy 


1 Afljiinoa 


1 ZjTT.nnQC 


1277ni 7fi 


12?7oo^i 


1 A/),n7i n 




1 Afl,r\n7c 


A(l a no i 

i y y i 


An a oon 


1 a 77. n n o "7 


1 /7?,nnn7 
(/yyy (- 


1 277,ni 77 


1 2t7,oo'?o 


1 2(l,f\'7A i 
^-"-"U '41 




1 Z,(l,C\C\'7Ci 


\ 2(1a nno 


l 2 (1a oo i 


1 Z, ?7, n n o o 


1 Z,77,nnnQ 


1277ni 7e 

(/y 4 


1 Z, 77, /i k 
^ ^ ' "UZ40 


1 A/J,n7^n 


1 /rtncfl s 


1 A/7,no7o 


I 2(1a oqq 


L 2(1 A OOO 


1 z7Znnoo 


1 z!77,nnon 


12?7ni 7Q 


1 Zj77,oo/1 c 


1 /ftn7cc 


1 A, Ct. o o m 


1 //l.nnoi 


An a nn k 


An a oo t; 


1 A 77. nnon 


1 A,Tl,r\ inn 


1 277,m «n 
(/y i^y 


1 277oO/1 7 


1 z!/7o771 


I A^osm 


1 Aflnooo 
^ *- * u y o 


I 2(1a nnf; 


I 2(1a ooq 
- i ^ u 'izzy 


12?7nn^i 


1277ni ni 


1277ni SI 


12t7ooko 
"UZOZ 


1 //J.n7oc 


I //7,nc(H 


1 //7,nnoc 
_l i_( y y g o 


An a nn"7 


An A T3(l 


1 2?7,nmo 


1 277,ni no 


1 277,ni so 


1 2t7,ookq 


1 /rtncni 
ALJU, UoUl 


I z!f7oso K 


1 2n,nc\a'7 


l 2(1 a nn c 


1 2(1 A O Q 1 

i,JU l Zo 1 


12?lnnQQ 


12?7ni nQ 

(/y xy j 


12?7ni bq 


1 zl 77,oo K /I 
j-^' f yZ04 


1 20:C\QC\A 


I z!f7osGS 


1 ^f7,noon 
^ vt u y y u 


\ 2(1a nnn 


1 2(1 A OQO 
1 Zo z 


1 zllnm /i 
"yy^4 


1 zl77,ni n/i 
cy iy4 


12?7.ni S/i 

t/y X04 


12t7ookk 

"UZOO 


1 2Q,c\q 1 1 


I z!f7osGO 


1 //7,noo/i 


1 2(1a i nn 
-•- 1 1 U U 


I 2(1 A OQ7 


1 2fl,r\r\A o 


1 2n,c\ i n k 

a. s-ii (/y xyjj 


1277ni SK 


1 Zl 77,00 KC 


1 Z,n,r\Q i o 
-^^^UolZ 


1 An,r\ctr\r\ 
_i_^jt_*<yyyy 


1 xf7,nnon 
_i_^jt_^yyyy 


An a i n i 


An a n ap. 

^ - jU 1 Z4D 


1 A,ll.r\r\ c: ri 


1 Z,77,n i nfi 


1 277,ni s« 


1 277,OOK'7 


1 z!/7os i 'i 


1 zl^noo'i 


1 An, i nnn 


1 2(1a i no 


I 2(1 A O/l Q 


1 z!?7.nnK i 
j-^jf fyyt)i 


12?7ni n7 


12?7ni S7 


12?7ooks 


1 Z, CI, o o i /i 


-^^^uyuo 


1 Ad,! n n o 


1 An a i n q 

^ *- JL " 1 lUo 


1 2(1 a o /i n 

j -' ju 'iz4y 


1 Zi77,nnKo 


1 Z,77,n i no 
"y iy^ 


1 AT)iC\ i oo 

(/y 


1 A 77, k n 

"uzoy 


1 Z, /7 o o 1 k 


1 /O.nnrin 

_i_^jt_*,yyyy 


1 i nnQ 


1 Zffli i nr; 


1 2(1 A OKI 

1 ZO 1 


1 Zi?7,nncQ 


1 z!77,n i nn 
(/y j_yy 


1 2n,(\ i on 


1 Zj77,ooco 


1 2(1:C\Q 1 K 


1 z!/7ooi n 


1 i nri/i 


1 2(1a i nn 


1 2(1 A O CI O 


1 ZJlnn^ k 


1277ni i n 


1 Zj77,n i on 
i/yxyy 


12?7oofii 


1 An, no i t 


1 /flnni i 


1 A(l, i nn7 


1 /fl,i i 1 n 
1 1 1 U 


1 /fl,1 OCQ 


1 A77.nnKC 


1 277,ni i i 


1 277,ni ni 

"uiy i 


1 2t7,ooco 


1 2(1,c\q i q 


I z!/7noi O 


1 2(1a nns 
-""-^ lUUo 


12ai 1 1 1 


I 2 (1a ok /i 

1 Z04 


1 Z??,nn^7 


1277ni i o 


12nni Q9 

(/y xyz 


12?7o9fi^ 
"UZDo 


1 20,C\Q1 A 


1 2(l,r\o i *i 


1 An, i nno 
-""-^ iuuy 


12ai 1 1 7 


1 2(1 A O Ct K 
_l ^^"IZOO 


1 z!77.nnKQ 


1277ni i ^ 


1277ni qq 


1 Zj77,ooc/1 




1 Z, (7 o n i A 


1 A (l,i n i n 
XU1 u 


1 a/7;1 i i n 


1 Z, (7, i o k c 


1 Z, 77, n n k n 
(/yyj-jy 


1277ni i A 
- L ^ J " / U1 14 


1 ATl,r\ i n /i 
"y xy4 


1 Z/77,ooc k 
"yZoO 


1 z!f7os o s 


1 z!f7noi K 

1 ^ u y i o 


1 2(1a mi 


I ^ i i o n 


I 2(1 A OK 7 
1 ZO ( 


1 2n,c\c\p.c\ 
"yyyy 


1277ni 1 K 


1277ni QK 


12?709fifi 


1 Aftnoo 


I z!f7ooi 7 


1 x/7, i nn 


12<2l 191 


I 2 (1a of;n 


1 z!77,nn( : ;i 
"yyy i 


1277ni i 


1 2n,r\ i gc 
(/y xyy 


12?7oOfi7 


1 //7,noQn 


1 /rtnniQ 


1 //7,i m q 
j. aji*xu la 


1 2(7,1 i oo 


1 a\ /7. i o ci 
1 Zo 1 


1 A 77, n n c o 


1 277,ni i 7 


1 277,ni o7 


1 2t7,oocs 


1 //7,nfiQ i 
^ U o o 1 


I 2,(1, nan A 
1 ■"'-^uy Z4 


I 2(1 a ni /I 


12(2i 1 oq 


I 2(lA OfiQ 


1 z!77,nn£;Q 
f yyy j 


1277ni i s 


12?7noni 

cy^y i 


12?709fiQ 

"yzoy 




1 Z,/7onQn 


I A (1, i n i k 


1 ^ (7, 1 1 O A 


1 An A O C C 


1 A Tli nnci 


1277ni i o 
- L ^ Ji "Ul iy 


1 Z,77,nono 


1 ^77,09*70 

J -' tJ ' "UZ 1 U 


1 2(1:C\Q Q Q 


1 2(l,r\G1 1 


1 i nifi 
- LAJU, 1U1D 


1 2(1 a i c; k 


I 2(1 A Ofi7 


1 ZjTT.nnfif; 


1277ni on 


1277non^ 


1 z! 77,0900 


1 Zj/7os"3/I 


iiju uyoo 


1 2(1 A ni7 


\ 2(1a "\ «i 


I 2(1a oco 


1 z577,nnfi7 
j.^if cyyy ^ 


1277ni oo 


1 Zj77,non/i 
(/y^y4 


127109Q1 

"uzy 1 


1 2(1, HQ A 1 


1 Zj^ooq/I 
- t ^ JW 'Uyo4 


1 i ni q 


12ai 1 7^ 

J_ 1 f o 


I 2(1 A o7n 


1 Zj77,nnfi£> 


1277ni o 1 ? 


1 Zj77,non k 


12770909 

"uzyz 


1 2(1, HQ A A 


1 2i{],c\c\'i(i 


1 i niQ 


I 2 (lA 1 7^ 


12cii 071 


1 ZjTT.nnfin 


1277ni O/i 

cy i ^4 


1 ^77,nonc 


12t7o ( ?i k 


1 Z,f7oo /i k 


*_*,yyjy 




1 2(1 a i ei 


I 2 (1a 070 


1 z!77,nn'7n 

(/yy /y 


1277ni OK 
/ "U1Z0 


I z!77,non'7 


1277o^1 7 


1 Zifl.rw a c 
J -' tJ ^Uo4D 


1 2(l,r\c\ a n 


1 A (1,~\ nn 


1 2(1 A 1 Q /I 


1 Z, /7, i o o o 


12?7nn7i 

(/yy ^ 4 


12?7ni oc 


1 Z)77,nonQ 


12770^00 


1 2(1, HQ A 7 


1 z!f7no/i i 

1 ^ u y 4 1 


1 inifl 
1 UoD 


1 2(1 A 1 Q R 


1 z!?7/nnni 
j.^if cyyy i 


1277nn7o 


1277ni 07 


1 Zj77,nonn 
.i — ; "uzuy 


1277o'?9fi 


1 2(l,f\QA S 


1 2(l,(\CkA'~) 


1 2(1, i ms 


I 2(1 A 1 Sfi 


1 Z?7/nnno 


12?7nn7^ 

(/yy j 


1277ni os 


12?7noi n 


1 ^77,0^00 


1 20,c\qa o 
-*-^ jL - t, Uo4y 


I 2(1, CiOA A 

1 uy 44 


1 2(1 a nA'i 


12(2l 1 S7 


1 Zj77.nnnQ 
j.^if "yyyj 


1 z!77,nn7/i 
j.^if cyy 4 


12?7ni on 


12?7.noi 1 


12t7o'?^o 


1 An,r\Q rn 
- i -^ Jt - t 'UoOU 


1 2(1, net A 


1 a/1,i nc;n 

1 uou 


1 /n,i i nn 

- l£ju, i iyu 


1 a ?7. n n n /i 
CUUU4 


Z,77,nn7K 
(/yy q 


1 277,ni qn 


1 277,no 1 o 
(/yziZ 


1 277o'i'Ji 


1 Z, f7 o o k i 


1 2(l,r\c\ a a 


1 1 (ICQ 


1 z/7i mi 


1 z!?7.nnnK 
"yyyo 


1 2H,r\(\'7Ci 
-LtJi c/yy y 


1277ni ti 


1277ooi q 


1277o'iQK 


1 2(1:C\Q KO 


1 2(1,c\<aa 1 


1 2(1 ',1 


I ^ (7, i i n o 


1 2fl,f\nc\(i. 


1 Zj77,nnQn 


1277ni ^o 


12?7ooi A 


I^Tlo^fi 
J -' tJ ' "Uoou 


1 Zf7os k q 


1 2(l,r\c\ a c 


1 XfT, mrn 

^ i u o y 


An a mo 
j_ iyo 


Z?7,nnn7 
"UUU i 


1 277,nnsi 


1 277,ni qq 


1 277,ooi k 
''UZIO 


1 2U,f\Q A A 


12ao854 


12ao949 


12aio6i 


12an94 


12nooo8 


12noo82 


12n i34 


12n 2i6 


12n 345 


12aQ859 


12ao95i 


12aio62 


12an96 


12nooog 


12n os3 


12n i35 


12n 2i7 


12ri0346 


12ao860 


12a 952 


12aio64 


12ai202 


12nooio 


12n o84 


12n i36 


12n 2i9 


12n 03 64 


12a 86i 


12ao953 


12aio65 


12a 1203 


12nooi4 


12noo85 


12n i37 


12n 22o 


12^0365 


12a 862 


12ao956 


12aio67 


12ai204 


12nooi5 


12noo86 


12n i38 


12n 22i 


12n 03 76 


12a 863 


12a 957 


12aio7o 


12ai205 


12nooi6 


12noo87 


12n i39 


1277,0222 


12n 04 2i 


12(20866 


12a 958 


12aio74 


12ai209 


12n 00 i7 


12noo88 


12noi40 


12no223 


12no422 



COMPUTING CLOSED ESSENTIAL SURFACES IN KNOT COMPLEMENTS 27 



1 2 n n a 9 "3 


1 An,r\AOP, 


1 271, n K 


1 2Tl,r\(i£iQ 


1 z?7,nf;Qn 
j. "UuoU 


1 271,r\fiCi'7 
"uoy f 


1 2'J1,C\'7P.« 
J -"' "U f 00 


12?lns^i 


12?lnS7/1 


12?2n/i 




1 271, n K 


1 2Tl,C\fi.P.^. 


j. iJi "Uuol 


12?2n7n9 


1 2h,c\ip.^\ 
"u f oy 


12?lns^/i 


12?lns7Q 


\lTlr\A ^7 


12/7,n^i s 


1 271,C\^P.1 


1 2TI,r\fc*7f\ 
j_ / cut) i U 


12nnfi«9 

"UDoz 


"U f uo 


12?ln77c: 
J-^" "U / f o 


12?lns^7 


12?lnssfi 

"Uoou 


\2,7lr\A An 


1277-n^o^ 


1 2 71, nrco 


12/in^7i 


1 2 Tl, ncoo 


1 2H,(~\'7(~\Ci 


12?2n77« 

^ ' "(J / ID 


1 277,r\Q a n 
"Uo4U 


1 271,r\QQ 7 


1 2/7,n/i /i q 
^ ' "U44CS 


1 2/7,0^^!^ 

-'-■^"'Uooo 


1 A?9,rtcnn 

j_ ±j i (-uouu 


1 2?7,n^'70 


1 2,n,r\aort 


1 2?7,n71 O 


1 2?7,n77o 


1 2Tl,r\Q a n 


1 277,nece 
"Uooo 


12n 454 


12^0538 


12^0601 


12n 06 73 


12no69o 


12n 7i4 


12n 07 80 


12n 08 53 




12^0455 


12n 539 


12n 602 


12no674 


12no69i 


12n 7i6 


12n 78i 


12no854 




12no456 


12n 54i 


12no604 


12no675 


12^0692 


12n 728 


12n 782 


12n 08 63 




12ri0484 


12n 05 48 


12no605 


12no676 


12no693 


12no747 


12no79o 


12no864 




12n 485 


12no553 


12n 622 


12n 06 77 


12n 694 


12n 748 


12^0800 


12no866 




12no494 


12no554 


12n 06 33 


12ri0678 


12^0695 


12n 75i 


12^0802 


12no868 




127J0495 


12ri0555 


12no642 


12no679 


12^0696 


12n 07 53 


12n 08 26 


12n 086 9 





School of Mathematics and Physics, The University of Queensland, Brisbane QLD 
4072, Australia 

E-mail address: bab@maths.uq.edu.au 

School of Mathematics and Statistics, The University of Sydney, Sydney NSW 2006, 
Australia 

E-mail address: cowardOmaths . usyd.edu.au 

School of Mathematics and Statistics, The University of Sydney, Sydney NSW 2006, 
Australia 

E-mail address: tillmannOmaths . usyd . edu . au 



